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The Cohen and Strand model for ammonium perchlorate (AP) composite propellants is applied as boundary
conditions, one for AP and one for binder, in solving the heat conduction equation in each to compute linear
and nonlinearcombustion response properties for each and for the aggregate propellant. Iterations couple AP and
binder through the quasi-steady� ameprocesses. Illustrative results for linear response functions (pressure coupled
and velocity coupled) are presented for a monomodal AP propellant showing effects of varying AP size, pressure,
and cross� ow speed. Examples of nonlinear responses to arbitrary waveforms are also shown. The model predicts
a very large response at high pressures with coarse AP due to AP monopropellantcombustion, underpredicts peak
response amplitude for low pressures due to a possible change in mechanism, and shows a stabilizing effect of
the diffusion � ame. A quantitative comparison with response function data is limited to one well-characterized
research formulation. Mechanistic implications are discussed, including recommendations for future modeling
work.

Nomenclature
a = steady-state speed of sound
Hc = dimensionlessnet heat release in the condensed phase

of the ammonium perchlorate (AP)
H f = dimensionlessheat of decompositionof the binder
Hox = dimensionlessheat release in the AP � ame
HPF = dimensionlessheat release in the diffusion � ame

(with reference to the AP heat balance)
HPF f = analogous to HPF but with reference

to the binder heat balance
m i = mass � ux
P = dimensionlesspressure, when equal to 1 is steady-state
Qox = dimensional Hox

QL = dimensional condensed-phaseheat release in the AP
QPF = dimensional HPF or HPF f , has the same

dimensional value
R = dimensionlesspropellant burning rate,

when equal to 1, is steady state
R f = dimensionlessbinder burning rate
Rox = dimensionlessAP burning rate
Rpc = pressure-coupledresponse function
Rvc = velocity-coupledresponse function
Si = fraction of propellant surface area occupied

by i th ingredient
TSi = surface temperature of i th ingredient
u 0 = cross� ow velocity perturbation,dimensional
V = dimensionlesscross� ow speed, when equal to 1, is

steady state if >0
X ¤

ox = AP � ame height
X ¤

PDF = diffusion � ame height
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zi = dimensionless distance into the solid phase
of i th ingredient

®ox = fraction of propellant mass � ow rate
from the AP, wt% AP in steady state

¯F = fraction of AP that goes to the diffusion � ame,
rest goes to the AP � ame

¯ox = fraction of diffusion � ame energy that
heats the AP, rest heats the binder

¯p = fraction of AP heat release that occurs
in the � ame, rest occurs in condensed phase

"i = dimensionless semi-empirical convection term
added to the energy balance for cross� ow

µi = dimensionless temperature difference
(from the initial temperature)

»i = dimensionless � ame heights
½i = ingredient or propellant density
¿ = dimensionless time step ( 1

40
of the period

of the imposed wave)
Äi = dimensionless frequency

Subscripts

f = binder
ox = AP
PF = portion of diffusion � ame over AP
PF f = portion of diffusion � ame over binder
p = aggregate propellant

Introduction

T HE main objective of combustion instability studies is to de-
velop the understanding and capabilities that will assure the

stability of future solid rocket motors employing advanced propel-
lants. A starting point is to work with ammonium perchlorate (AP)
composite propellantsbecause of their long history and continuing
interestfor the foreseeablefuture.Furthermore,theaxialmode insta-
bilities of motors containing AP composite propellants present the
most challenginginstabilityproblem.The most frequent encounters
with axialmode instabilitiesare with AP propellants,and the conve-
nience of particle damping by additives to suppress high-frequency
modes is not available at the lower axial mode frequencies. More-
over, the axial modes are associatedwith the important gasdynamic
mechanism of vortex shedding.
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The ultimate modeling goal is to achieve a numerical simulation
of the internal � ow� elds of solid motors,which necessarilyincludes
coupling the motor chamber gasdynamicswith the combustionpro-
cess at theboundariesof the � ow� eld. The standardwork in this area
has been the Baum and Levine nonlinear instability code,1 which
coupled one-dimensional gasdynamics with a simple and heuristic
combustion model. Although remarkable in its ability to describe
features of nonlinear instability observed in research motors, this
code is inadequateto representmost geometriesof practical interest,
and its combustion model does not contain mechanisms to isolate
key variables such as AP particle size and turbulence interaction.
Thus, there is a need to evolve to two-dimensionalgasdynamicscou-
pled with a comprehensivecompositepropellantcombustionmodel.
The objective here is to develop a mechanistic AP propellant com-
bustion model code that can be coupled with a two-dimensional
gasdynamics code.

Recently, Knott and Brewster2 and Hegab et al.3 solved multidi-
mensional versions of the heat equation with multiple components,
coupledto a gasphasewith a free-surfaceboundarycondition.How-
ever, if one wants to couple combustion to gasdynamics, simpler
models, such as the one used in the present study, have a distinct
advantage.

Propellant Combustion Model
Background

The model being used in this work is the Cohen and Strand
model.4 It has already been used to explain effects of AP parti-
cle size, pressure, and cross� ow on combustionresponseproperties
in a generalway.5;6 However, it has not yet been incorporatedinto a
numerical scheme that would take full advantageof its mechanistic
features.

A � rst step was to develop a nonlinear code for monopropellant
AP. This was successfullyaccomplished7 and made more useful by
the acquisitionof responsefunctiondata for AP (Ref. 8). The model
was in reasonable agreement with the data and provided mechanis-
tic insights on the combustion response properties of AP: the roles
of the surface decomposition law and the heat feedback law, the
roles of exothermic condensed phase reactions vis-á-vis � ame re-
actions, and intrinsic instability limits as possible explanations for
the low-pressurede� agration limit PDL of AP (»1:36 MPa) and for
the unusual suppressed burning behavior exhibited by puri� ed AP
at very high pressures (>13.6 MPa). Based on this work, it was
recommended that advanced energetic ingredients should release
their energy primarily in the gas phase (minimal heat release in the
condensed phase) and have low activation energies of decomposi-
tion to best promote combustion stability. It was more important
that we learn something than have a working code or achieve good
agreement with data.

The composite propellant model is well described in the orig-
inal references4¡6 and will not be repeated here. For steady-state
computations, the model accommodates trimodal AP size distri-
butions. However, for the nonsteady computations, which are the
subject of this work, it was restricted to monomodal AP for � ve ba-
sic reasons: 1) There is not general agreement as to how the various
sizes contribute to coherent combustion responseor to multipeaked
response function curves often seen in propellant data. 2) The com-
putational approach of obtaining coupled iterative solutions of the
transient heat conduction equation for AP and binder would be too
complicated for more than one AP size in the absence of agreed
mechanistic justi� cation. 3) To gain insights, it is prudent to begin
by examining one size at a time. 4) It was of interest to see if the
differing response properties of AP and binder, for example, dif-
ferent characteristic times, could be the reason for a dual-peaked
response function curve. 5) The most extensive response function
data in the literature are for monomodal AP research-type propel-
lants. In addition, monodisperse (single particle size) models have
beenwidely used to explain themechanisticburningratebehaviorof
propellants.9¡11 Indeed, it turned out from the results obtained here
that the way multimodal sizes contribute to steady-statecombustion
in the model may not be mechanistically correct, notwithstanding
the ability of this and other similar steady-state models to predict
burning rates (discussed later).

Procedure

As already noted, a key feature of the approach is to obtain solu-
tions of the transient heat conduction equation in both the AP and
binder as coupled through the � ame processes.The heat conduction
in propellants is assumed to be one dimensional. Lateral heat con-
ductionbetween binder and AP in the condensedphase is neglected
because its effect has been computed to be small.12;13 Whereas AP
and binder are constrained to preserve the propellant formulation
(continuity) in steady state, they are free to vary independently in
the course of oscillationssuch that compositional� uctuations arise;
the propellant is preserved only as a time average over the oscil-
lations. This produces a thermochemical � uctuation in the � ame
temperature as a response mechanism of potential importance. The
need to account for compositional � uctuations had been proposed
earlier by King14 and Cohen and Strand5 in connection with the
differing response properties of AP and binder.

The computations for linear response functions begin with a
steady-statecomputation that provides the initial conditions for AP
and binder, including the respective solid-phase thermal pro� les. A
small perturbation sine wave is then imposed, typically 1% of the
mean pressure. Strong responses (response function greater than
about 5) require smaller perturbations to maintain linearity.7

The Crank–Nicholsonnumericalscheme is employed,with coor-
dinate stretchingto obtain � ner grid near the solid surface(seeRef. 7
for more details). There are 201 mesh points, and the dimension-
less time step is 0.001. A relatively high accuracy of computation
is needed because Arrhenius kinetics yield small changes in the
surface temperature.

In a two-component system such as a composite propellant, a
double iteration is required for AP and binder because of their dif-
fering thermal wave properties.Although the boundarycondition in
the deep solid is the bulk temperature, the values of AP and binder
surface temperatures are guessed in the iteration at each time step
and used in the surface boundary condition for the heat conduction
equation. For each component, heat � ux at the surface is calculated
using the temperaturegradientat the surfaceand matched to the heat
� ux from the gas phase using the energy balance. The convergence
criterion was 10¡9.

Both simultaneous and sequential solution procedures were ex-
amined. The simultaneous solution procedure makes new guesses
for both AP and binderand iterates on both simultaneously,whereas
the sequential procedure iterates the AP surface temperature until
convergence for each new guess of the binder surface temperature.
Both approachesagreed, inasmuch as the differencebetween the re-
sultswas of theorderofmagnitudeof theconvergencecriterion.This
provided an additional check on the numerical scheme. However,
from the standpointof convergencespeed, the sequentialprocedure
was found to be clearly superior because it required several times
less iterations.Therefore, it was used in calculations.

Initial work also involved study of detailed output to check for
proper and consistent behavior of the parameters in the iteration
steps and at the end of each time step in the course of the � rst
oscillation, with special attention to the transition from the initial
steady state to the unsteady; it all appeared to behave reasonably.

Boundary Conditions

The nonsteadyboundaryconditionfor the AP, from the composite
propellant model, is
µ
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The terms in the right-hand side of Eq. (1) correspond to
condensed-phase reaction heat, heat feedback from the AP � ame,
heat feedback from the diffusion � ame, and an erosive (cross�ow)
effect. The terms in the right-hand side of Eq. (2) are, respectively,
condensed-phase reaction heat, diffusion � ame heat feedback, and
the analogous erosive effect. The forms of these terms come from
the Cohen and Strand model,4 which was selected for this study.
When the model is coupled to the gasdynamics for motor stabil-
ity analyses, the erosiveburningheat feedback terms "i are replaced
with Beddini’s model as appliedRef. 15. In uncoupledstudiesof the
combustion, there is no vehicle for incorporating the � ow� eld tur-
bulence intensities and so the "i are retained to represent the effects
of cross� ow.

Results
Steady-State Checkout

The standard case for computations is 87% AP (20 ¹m) in
hydroxyl-terminated-polybutadiene binder at 68 atm, zero cross-
� ow. The steady-state model results at this condition are shown
in Table 1. Previous work had shown that this condition provides
maximum diffusion � ame control and minimum pressure exponent
in parametric model computations.16;17 The diffusion � ame is well
inside the AP � ame .X ¤

PDF < X ¤
ox/ and is governed by its diffusion

component. The surface is not planar because Sox is closer to the
AP weight fraction than to its volume fraction. About 48% of the
AP (1 ¡ ¯p) reacts in the condensed phase, yielding a net exother-
mic condensed phase. (Negative QL is exothermic in the conven-
tion used.) All of the heat feedback from the gas phase is from the
diffusion � ame (¯F D 1), and the binder takes more than its share
(¯ox < AP weight fraction). All of these results depend on parti-
cle size and pressure and are in� uenced by cross� ow. Steady-state
computations were performed as a preliminary step for each of the
unsteady cases, which served as a check on the status of the Cohen
and Strand4 model within the nonsteady code.

Nonsteady Checkout

Table 2 shows the nonsteady results for this case at a dimension-
less frequency of 7, referenced to the AP. The binder’s dimension-

Table 1 Steady-state model results 87% AP (20 ¹m), 68 atm, no cross� ow

Parameters Value Parameters Value Parameters Value

m p 3.85 g/cm2 ¢ s mox 3.87 g/cm2 ¢ s m f 3.75 g/cm2 ¢ s
Sox 0.866 TSox 919 K TS f 1364 K
¯p 0.523 Q L ¡17.8 cal/ga Qox 440 cal/g
¯ox 0.781 QPF 1016 cal/g ¯F 1.00
X ¤

ox 7.16 ¹m X ¤
PDF 2.04 ¹m —— ——

aExothermic.

Table 2 Nonsteady model results 87% AP (20 ¹m), 68 atm, no cross� owa

P m p mox m f ®ox QL Qox QPF X ¤
ox X ¤

PDF

1.0000 3.8536 3.8694 3.7508 0.870000 ¡17.7792 440.397 1016.428 7.164 2.0354
1.0016 3.8548 3.8705 3.7525 0.869980 ¡17.7740 440.407 1016.413 7.143 2.0348
1.0031 3.8563 3.8720 3.7544 0.869966 ¡17.7667 440.418 1016.406 7.123 2.0342
1.0045 3.8578 3.8734 3.7561 0.869956 ¡17.7593 440.430 1016.405 7.104 2.0337
1.0059 3.8592 3.8748 3.7577 0.869948 ¡17.7523 440.441 1016.406 7.087 2.0332
1.0071 3.8604 3.8760 3.7591 0.869943 ¡17.7459 440.451 1016.410 7.072 2.0328
1.0081 3.8615 3.8771 3.7602 0.869939 ¡17.7405 440.459 1016.416 7.059 2.0324
1.0089 3.8623 3.8779 3.7611 0.869938 ¡17.7361 440.466 1016.422 7.049 2.0321
1.0095 3.8629 3.8785 3.7617 0.869938 ¡17.7329 440.471 1016.429 7.041 2.0319
1.0099 3.8633 3.8789 3.7620 0.869941 ¡17.7309 440.474 1016.437 7.037 2.0318
1.0100 3.8634 3.8791 3.7620 0.869944 ¡17.7301 440.475 1016.444 7.035 2.0317
1.0099 3.8633 3.8789 3.7617 0.869949 ¡17.7307 440.474 1016.451 7.037 2.0318
1.0095 3.8629 3.8786 3.7611 0.869956 ¡17.7326 440.471 1016.457 7.041 2.0319
1.0089 3.8623 3.8780 3.7603 0.869963 ¡17.7357 440.466 1016.463 7.049 2.0321
1.0081 3.8614 3.8772 3.7592 0.869972 ¡17.7400 440.459 1016.468 7.059 2.0324
1.0071 3.8603 3.8761 3.7579 0.869981 ¡17.7453 440.451 1016.471 7.072 2.0328
1.0059 3.8591 3.8749 3.7564 0.869990 ¡17.7515 440.442 1016.474 7.087 2.0332
1.0045 3.8577 3.8735 3.7548 0.870000 ¡17.7585 440.431 1016.476 7.104 2.0337
1.0031 3.8562 3.8721 3.7530 0.870009 ¡17.7662 440.419 1016.476 7.123 2.0342
1.0016 3.8546 3.8705 3.7512 0.870018 ¡17.7742 440.407 1016.474 7.143 2.0347
aTime increment equal to period/40, half-wave, for Äox D 7:0.

less frequency is less than that for AP at a given dimensional fre-
quency, and the aggregate propellant has yet another dimensionless
frequency.The tabularresultsare solutionsat eachof the � rst 19 time
increments, following the steady-state initial condition,which cov-
ers all but the last time step of the � rst half-cycle of the sinusoidal
pressure wave.

This frequencyhappens to be close to the peak response frequen-
cies for the propellant and the ingredientsunder this condition, and
so the burning rates of the propellant and AP are in phase with the
pressure. However, the binder slightly leads the pressure. One im-
portant observation in the detailed outputs was whether such phase
shifts with pressure and between the AP and binder would appear.
Over the rangesof Ä covered,examplesof variousphase shiftswere
encountered,and it was satisfying to see that. Here the binder lead-
ing causes an initial decrease in the fraction of mass � ow from the
AP, ®ox , and then an increase, which leads the pressure.

QPF has an interesting behavior, which is affected by competing
processes.Whereasan initialdecreasein ®ox lowers the temperature,
the companionincreasein pressureeventuallyraises it. There results
a wave behavior in QPF that is shifted from and distorted relative to
the pressure wave. On the other hand, QL and its companion Qox

are in phase with pressure and behave almost symmetrical with the
pressure wave. The � ame heights follow the pressure wave, as they
should because the model assumes a quasi-steady gas phase. The
change in the AP � ame height is proportionally larger because it
is kinetically controlled (pressure dependent), whereas the diffu-
sion � ame is governed more by diffusion than kinetics in this case.
Overall, these results for several cases con� rmed that the code was
working properly.

Parametric Results for Linear Pressure-Coupled Response

Linearpressure-coupledresponsefunctioncurveswere computed
numerically from the amplitudes and phases of the burning rates
following several cycles of oscillations to assure equilibrium. The
absolute values and real and imaginary parts were examined for
each ingredientand the aggregatepropellant.The response function
curves covered selected ranges of Ä at increments of 0.4 and, for
the time steps used, a complete curve could be generated in about
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Fig. 1 Computations of real parts of pressure-coupled response func-
tions vs their respective dimensionless frequencies for AP, binder, and
the aggregate propellant: 87% AP (20 ¹m)/HTPB binder at 27 atm,
298 K, and 0 m/s cross� ow.

Fig. 2 Computations of real parts of pressure-coupled response func-
tions vs their respective dimensionless frequencies for AP, binder, and
the aggregate propellant: 87% AP (90 ¹m)/HTPB binder at 170 atm,
298 K, and 0 m/s cross� ow.

2 h on a personal computer (about 2 min per frequency).Examples
of results are shown in Figs. 1 and 2.

Figure 1 is for 20-¹m AP at 27 atm (»2.7 MPa), a pressure that
is of interest as a possible sustain pressure in a boost–sustain motor
application.Note the separate curves for binder, AP, and the aggre-
gate propellant.The Ä are for each ingredientand for the propellant
at a given dimensional frequency (hertz). For clarity, a speci� ed di-
mensional frequency is starred on each curve to show where the Ä
are located for that frequency. Note that the binder is phase leading
at that frequency (on the left of its peak), the AP is slightly phase
lagging, and the propellant is in phase with the pressure. Also, note
that the peak response of the binder is higher than that of the AP at
this condition.The peak responses are relatively low, re� ecting the
diffusion control.

There is no indication of a dual-peaked response function curve
arising from the two-component system. Perhaps this is because
the phase differences between AP and binder are not large and the
binder contributesa minor portion of the mass � ow. Thus, we need
to return to the idea that AP size modalities are the basis for dual (or
more) peaks, unless a different model can show such gross phase

Table 3 Effect of AP size and pressure on peak
of pressure-coupled response function

of aggregate propellant, 87% AP

Pressure, Peak Äp at Frequency at
atm R pc peak peak, Hz

2-¹m AP
27 1.22 5.96 2800
68 1.13 5.62 13500
150 0.93 5.52 43600
170 0.88 5.53 51200

20-¹m AP
27 0.69 6.16 1300
68 0.28 5.98 2400
150 1.45 7.03 6300
170 1.52 7.07 7100

90-¹m AP
27 1.28 7.14 310
68 1.65 6.78 940
150 2.69 6.07 2500
170 3.37 5.89 2900

200-¹m AP
27 1.48 6.33 180
68 2.21 5.98 610
130 6.82 5.47 1300
150 14.9 5.48 1600
170 ——a ——a ——a

aIntrinsically unstable.

differences between the AP and binder as to overcome the small
mass � ow contribution from the binder.

Figure 2 is for 90-¹m AP at 170 atm (»17.0 MPa), which would
correspond to a boost or high-performancepressure.Here, the peak
response of the binder is less than that of the AP. The dimensional
frequency selected to highlight the Ä differenceshere show a slight
phase lead for the binder while the AP and propellant are in phase
with the pressure. The peak responses are higher than in Fig. 1,
re� ecting the greater in� uence of the AP � ame with the coarser AP
at thehigherpressure,and thecurvesaremorepeakedin appearance.

Highlights of propellant results for four AP particle sizes at sev-
eralpressuresare summarizedin Table3. The peakvaluesof thepro-
pellant responseand the frequenciesat which they occur are shown.

Peak response Äp falls in the range 5.5–7.1, showing that the
surface decompositionparameters that contribute to combustionre-
sponseare not changingvery much overa broad rangeof conditions.
In general, this Ä appears to � rst decrease with increasingpressure,
due to the increases in surface temperatures, but then it levels off
or eventually increases with pressure at higher pressures. The most
pronouncedexample of this change in trend is with 20-¹m AP, per-
haps because its stronger shift from diffusion � ame control to AP
� ame control at higher pressure has a larger effect on the mix of AP
and binder contributions.

The changesin dimensionalpeak responsefrequencyare of more
practical interest and are very large. Because the Äp are within nar-
row bounds, the dimensional frequency is mainly a function of the
square of the mean burning rate in accordancewith the characteris-
tic response time. Coarse AP with its attendant lower burning rate
is more responsive to low frequencies, of the order of hundreds of
hertz, which correspondto the axial modes of many motors of inter-
est. Fine AP, on the other hand, is more responsive to high frequen-
cies (thousandsor tens of thousandsof hertz), which correspond to
tangential modes and harmonics of the various modes in motors of
interest.However, frequenciesof order of thousandsof hertz violate
the quasi-steadygas-phase assumption. Higher pressures also shift
the peak response frequencies to higher values.

Peak response magnitudes are primarily affected by the pressure
exponent and secondarily by the nature of the heat feedback law,
namely, the mix of mechanisms in the energy balance or boundary
condition. Trends with AP particle size depend on pressure, and
trends with pressure depend on particle size, a result of the chang-
ing � ame structure (the AP � ame vis-à-vis the diffusion � ame and
kinetics vs diffusion). These have been discussed in many earlier
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papers and the results here are in agreement with them. The peak
responseminimizes at a combinationof AP size and pressure,where
diffusion control is maximal and the pressure exponent minimizes,
roughly 20 ¹m at 68 atm. The peak response is largest where the
AP as a monopropellant dominates the combustion and the expo-
nent approachesunity, with coarsest AP at highest pressures. It was
not necessary to include 400-¹m AP in the study to encounter an
intrinsic instability. Note how the peak response increases rapidly
with pressureat high pressure for 200-¹m AP. This important result
will be discussed further subsequently. Where response functions
become large, the nature of the heat feedback law is more important
than the pressure exponent.

The peak response of coarse AP corresponds to axial mode fre-
quencies, whereas the peak response of � ne AP corresponds to tan-
gential mode frequencies. It is for this reason that the rule of thumb
is that coarse AP drives axial modes and � ne AP drives tangen-
tial modes. The higher losses of the axial modes compared to the
tangential modes, which are present due to nozzle damping, are
overcome by the higher peak responses of the coarse AP compared
to the � ne AP.

Remarks on Intrinsic Instability and Modeling Implications

An intrinsic instability was encountered for the case of 200-¹m
AP at 170 atm. The rapidly increasing peak responses at 130 and
150 atm show the approach to this condition.The intrinsic instabil-
ity is manifested numerically by a divergence between the energy
dissipation from gasi� cation and the heat feedback law, such that
the surface temperature cannot converge no matter how small the
perturbation amplitude or time step. The culprit is the AP, under
such conditionswhere the combustionof the AP in the propellant is
dominated by its own monopropellant process (coarse AP at suf� -
ciently high pressure). The steady-state results showed that the role
of the diffusion � ame was insigni�cant here, providing a very small
fractionof the heat feedbackto the AP surface(¯F D 0:016).A com-
puterexperimentwas performed,making¯F D 0:3 byoverridingthe
code. Stable oscillationswere achieved, showing the stabilizing in-
� uence of the diffusion� ame under conditionswhere the AP would
be unstable by itself.

The recentpaperby the authorson the combustionresponseprop-
erties of monopropellant AP (Ref. 7) devoted signi� cant space to
intrinsic instability. It comes about when the combustion is totally
dominated by condensed-phase exothermicity at low pressure or
when the � ame height becomes vanishinglysmall at high pressure.
Either way, it can be thoughtof as a heat releaseat the surfacewhich,
from a dynamic stability standpoint, is like balancing a pyramid on
its point. It was shown that the model does predict intrinsic instabil-
ity limits at extremes of high and low pressure, but apparently not
at the correct pressures.The data of Finlinson et al.8 for AP indicate
that the peak response functions may be increasing as these low-
and high-pressure limits are approached, but more data are needed
to make closer approaches to con� rm that.

The prediction of an intrinsic instability for the propellant raises
a serious questionabout the correctnessof the steady-statemodel in
describing bimodal or trimodal propellants. Of course, the steady-
state model can predict a burn rate because there is no dynamic
mechanism, and there is no such thing as an 87% monomodal AP
propellant to test. The real question is, what stabilizes the 200-¹m
AP in real bimodal or trimodal propellants at very high pressures
if it would be intrinsically unstable as computed here? The answer
lies in a better descriptionof the diffusion � ame. The presentmodel
uses the interstitial spacing between the 200-¹m AP in the charac-
teristic dimension for the diffusion length, whether the propellant
is monomodal or bimodal. This has the potential for yielding a ¯F

that is too low. It appears that a more correct approach would be to
accountfor the presenceof the � ne AP in surroundingthe coarse AP
and thus derive a shorter characteristic length to operate around the
peripheryof the coarse AP. Such a rederivedmodel has the potential
to increase the ¯F for the coarse AP and, thus, stabilize it as was
shown in the computer experiment described earlier. This would
be recommended for any future modeling work involving bimodal
propellants.

Comparison with Response Function Data

The most extensively tested propellant for response functions
is A-13, a research formulation consisting of 76% AP (nominal
90 ¹m) in polybutadiene-acrylonitrile binder. For purposes of the
model, it is a monomodal AP propellant, and the values for the
binder input parameters are known. Data were obtained at many
different facilities as part of a JANNAF workshop18 and for other
research.19¡21 Coauthor Cohen has retained considerable data for
A-13 in his � les and Beckstead and Meredith22 have published a
recent review. These data were used to construct a composite plot
that the model could be compared to.

Files of particle size distributions that were used in A-13 show
actual weight-mean diameters ranging from 65 to 85 ¹m. Burning
rates over the range 14.6–21.4 atm, where most of the data were
obtained,showeda spreadof 14%fromseveralsources.This isabout
equal to the difference in the burning rates at these two pressures.
The pressure exponents were in much better agreement. In view of
these discrepancies, it was decided to combine and compare all of
the response function data over this pressure range on a single plot.
No pressure effect could be discerned from the scatter in the data.
Model computations performed with 65-, 75-, and 90-¹m AP did
not show signi� cant differences.

The composite plot of the data together with a model prediction
(using 75 ¹m AP at 21.4 atm) is shown in Fig. 3. A discussionof the
data scatterwas includedin Becksteadand Meredith’s recent review
paper22 and need not be repeated here. Note that the response func-
tion reaches relatively high peak values, a credible result shown by
several sources, and that the model is unable to predict it. However,
the model provides a very good � t of the data at frequencies above
an Äp of 35.

This de� ciency of the model at low pressure is related to its in-
correct predictionof the low-pressure limit for AP (Ref. 7). When it
is assumed that the low-pressure de� agration limit of monopropel-
lant AP (about 13 atm) is caused by intrinsic instability, the model
does not predict this to occur until subatmospheric pressure. The
approach to intrinsic instability is re� ected by a decrease in the
B parameter (temperature sensitivity of the heat feedback law) of
classical theory, which sharpens the response function curve and
increases the peak value. It was speculated that there might be a
change in mechanism at low pressures to explain this de� ciency
in the model. This was tested by another computer experiment in
which the relative importance of the � ame was arti� cially reduced

Fig. 3 Comparison of model calculations with composite data from
many sources18 ¡ 22 for A-13 propellant, real part of the pressure-
coupled response function vs dimensionless frequency. Computations
for 76% AP (75 ¹m)/PBAN binder at 21.4 atm, data for 76% AP (65–

85 ¹m)/PBAN binder at 14.6–21.4 atm: +, California Institute of Tech-
nology;¤, Lockheed; ¦, Jet Propulsion Laboratory; M, Naval Weapons
Center; , University of Utah; ¤ , United Technologies; ?, Rocketdyne;
and £ £ , Naval Weapons Center.
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Fig. 4 Repeat of Fig. 3 with arbitrary increase in the � ame height
imposed on the model.

to simulate such a change. The result, plotted in Fig. 4, shows that
this is in the right direction.

Data for other monomodal AP research formulations, for exam-
ple, UTX-8501 (Ref. 23), also show high values of peak response
at low pressure. Therefore, high response is not limited to A-13.
UTX-8501 contained 78% of 180-¹m AP in carboxyl-terminated-
polybutadienebinder, and the data were at 14.6 atm. The peak val-
ues were even higher than those for A-13, which may be due to the
coarser AP size. The mechanism responsible for this low-pressure
behavior would be accentuated by larger AP particle size because
coarser AP in propellants behaves more like monopropellantAP.

Although most of these early T-burner data with research-type
propellants were acquired at low pressures, there are some data at
higher pressuresand Beckstead and Meredith22 pointed out that the
peak response decreases with increasing pressure above 14 atm.
For example, Ibiricu21 showed peak values at 28–55 atm in a range
that would be predicted by the model (peak values between 1.0 and
2.5). Unfortunately,Ibiricu plotted curve � ts rather than data so that
the number of points or their scatter are unknown. Beckstead and
Meredith22 also noted that the responses of practical propellants at
pressures of interest are in this lower range. Future modeling will
have to resolve the inaccuracy at low pressure vis-à-vis the higher
pressures where the model appears to be satisfactory.

Cross� ow Effects and Velocity-Coupled Response

Includingcross� owaffectsthepressure-coupledresponse,aswell
as themeanburningrate,via the erosiveburningmechanism. In gen-
eral, velocity� uctuationsaccompanythe pressureperturbations,but
it is possible to locate a propellantsample in a standingwave where
there are no velocity� uctuations,for example,the endsof a T-burner
or motor experiencingan axialmode. A seriesof computationswere
made to include various mean cross� ow speeds in computing the
pressure-coupled response. Results were consistent with previous
� ndings.6 Basically,a mean cross� ow has a small effect on the peak
valueof the response.The main effect is to increase the dimensional
frequency of the peak response because of the increase in the mean
burning rate.

The next check of the code was to compute velocity-coupled
response functions with various mean cross� ow speeds at con-
stant pressures. [Note that velocity-coupled response was de� ned
as Rvc D .R ¡ 1/.a=u0/:] This simulates a propellant placed in the
middle of a T-burneror motor experiencingan axialmode. Note that
theconceptof velocity-coupledresponsehasbeencontroversial,and
attempts to measure it have been viewed very skeptically. Thus, no
comparisonswith data will be made here.A result is shown in Fig. 5
for the standard case with a mean cross� ow speed of 120 m/s. (For
linear velocity coupling, the imaginary part is the relevant driving

Fig. 5 Computations of imaginary parts of velocity-coupled response
functions vs their respective dimensionless frequencies for AP, binder,
and the aggregatepropellant: 87% AP (20 ¹m)/HTPB binder at 68 atm,
298 K, and 120-m/s cross� ow speed.

Fig. 6 Propellant combustion response to imposed standing wave:
87% AP (200 ¹m)/HTPB binder at 68 atm and 80-m/s cross� ow speed;
5% velocity perturbation with corresponding pressure perturbation at
X ox = 3.

component.) For this case, the peak responses (phase-leading pos-
itive and phase-lagging negative) are comparable in magnitude to
the peak pressure-coupledresponse (Table 3). Note that the binder
is phase leading whereas the AP and aggregatepropellant are phase
lagging.

Parametric effects were consistent with previous � ndings.6 The
important trends in the peakvalues of the velocity-coupledresponse
functionare that they tend to 1) increasewith increasingAP particle
size, 2) increase with increasing pressure, and 3) decrease with in-
creasing mean cross� ow speed. Thus, coarse AP and high pressure
are aggravating to both pressure-coupled and velocity-coupled re-
sponse functions at axial-mode frequencies, which have important
motor stability implications for AP propellants that are consistent
with motor experience.

Nonlinear Solutions

Examples of computed propellant responses to � nite-amplitude
waves are shown in Figs. 6 and 7. The AP particle size is 200 ¹,
pressure is 68 atm, and mean cross� ow speed is 80 m/s. The � rst
wave represents a standingwave with a velocity perturbationof 5%
at Äox D 3. The secondrepresentsa travelingsaw-toothedwave with
a velocity amplitude of 20% at the same frequency. The propellant
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Fig. 7 Propellant combustion response to imposed traveling sawtooth
wave: 87% AP (200 ¹m)/HTPB binder at 68 atm and 80-m/s cross� ow
speed; 20% velocity disturbance with corresponding pressure ampli-
tude at X ox = 3.

is located at the quarter-wave point of a standing axial mode, and
the combustion responds to both the pressure and velocity.

Figure 6 shows that the combustion response is sinusoidal, but
there is a small dc shift owing to the acoustic erosivity.Note that the
combustion wave leads the pressure and lags the velocity.The com-
bustion responseis larger than the pressureand velocityamplitudes,
butdoesnot feedback to thegasdynamics,and so the imposedwaves
do not change. Figure 7 simulates a steepened wave to a traveling
sawtooth, whereby the pressure and velocity are now in phase. The
combustion closely follows the wave behavior, and its dc shift is
now pronouncedowing to the nature of the wave. The � ow speed of
80 m/s is always greater than the thresholdspeed of 44.7 m/s so that
there is no distortion in the combustionresponse. (See Ref. 6 for the
expressionfor the threshold velocity.)The response is, again, larger
than the amplitudes of the imposed waves.

The small dc shift in Fig. 6 can contribute to the wave steepen-
ing process arising in the motor gasdynamics, which then feeds on
itself by further augmenting the combustion response as in Fig. 7.
Beddini’s model (see Ref. 15) provides a mechanism for the com-
bustion to drive the higher harmonic content of the steepenedwave,
something which previouslyhad been representedin an ad-hoc way
by Baum and Levine.1

Conclusions
An AP composite propellant model code for unsteady combus-

tion has been developedand checked. It uses the Cohen and Strand4

model for AP composite propellants as boundary conditions, one
for AP and one for binder, in solving the heat conduction equation
in each component to compute linear and nonlinear combustion
response properties for both components and for the aggregate pro-
pellant. Iterations couple AP and binder through the quasi-steady
� ame processes.

The model contains mechanisms that are absent from the Baum
and Levine1 code, such as explicit effects of AP particle size on the
combustion process and the frequency dependence of turbulence
penetration of the combustion zone.

The code appears well suited to describe propellant effects in
motors at conditions of practical interest. Computed trends are in
reasonableagreementwith rules of thumb gained from prior experi-
ence, and features of parametric results appear to behave smoothly.

The model predicts a very large peak response at high pressures
with coarse AP due to AP monopropellant combustion, underpre-
dicts peak response amplitude for low pressures due to a possible
change in mechanism,and shows a stabilizingeffect of the diffusion
� ame.

The instability of AP propellants is thought to be largely due to
the instability properties of the AP, the presence of the binder, and
the diffusion � ame being stabilizing. This result has stimulated a
purely mathematical derivation of the combustion response, which
will be the subject of a separate paper.25

Future work needs to complete the coupling with the gasdynam-
ics in the combustion chamber and then extend the capability to
bimodal and trimodal AP propellants.When this extension is made
to multimodal AP, some revisions in describing the diffusion � ame
appear to be necessary. Indeed, the community needs to come to
some agreement on how the various particle size groupings con-
tribute to nonsteady behavior. Continuing advancements in com-
puter technology will make feasible multiple coupled solutions of
the transient heat conduction equation, such as the recent calcula-
tionsofKnott and Brewster2 and Hegab et al.3 Therealso needs to be
more work on the low-pressurecombustion response of AP, includ-
ing more response function data at low pressures approaching its
low-pressure limit.
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